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Radiation heat  t r a n s f e r  in a x i s y m m e t r i c  cavi t ies  with a l a te ra l  su r f ace  fo rmed by a t run-  
cated cone and plane ends is invest igated.  A numer i ca l  example  is cons idered  for a range  
of cavi t ies .  The calculated r e su l t s  a r e  un iversa l  and can be used for  rapid e s t ima te s  of 
radia t ion heat  t r a n s f e r .  

The solution of many  engineer ing p rob lems  r equ i re s  calculat ion of the radia t ion heat  t r a n s f e r  in ca-  
vi t ies  of var ious  shapes .  We shall  cons ider  a x i s y m m e t r i c  cavi t ies  with a l a t e ra l  su r face  fo rmed by a 
t runca ted  cone; the ends a r e  planes.  The invest igated cavi ty  and the coordinate  sy s t em used in the solu-  
tion a re  shown schemat ica l ly  in Fig. 1. The emiss iv i t i e s  ei of each su r face  bounding the cavity a r e  con- 
stant  but d i f fer  in genera l ;  the t e m p e r a t u r e  is an a r b i t r a r y  function of the coordinate  (all p a r a m e t e r s  a r e  
taken to be constant  with r e s pec t  to the angular  coordinate  ~0). 

In der iving the s y s t e m  of in tegra l  equations descr ib ing  the p roces s  of radiat ion heat  t r a n s f e r  in the 
cavity we a s s u m e  that  the p r o c e s s e s  of emi s s ion  and re f lec t ion  of radia t ion energy  a r e  diffuse.  Using the 
approach  of [1] we set  up the radia t ion energy  ba lance  equation for  a r b i t r a r y  e l e m e n t a r y  a r e a s  s i tuated on 
the inside su r f ace  of the cavity.  The energy  leaving the a r ea  with the coordinate  r 0 (surface  1, Fig. 1) 
equals the sum of the s e l f - e m i s s i o n  and the re f l ec ted  emis s ion  

B (r,,) -- e ~ T  "~ (%) -!- ( 1 - -  e ~) H (ro). (1) 

Analogous re la t ionships  a r e  se t  up for  the a r ea s  belonging to su r faces  2 and 3. 

The re  is a second express ion  that is pa i red  with (1); it comes  f rom a considerat ion of the sources  
of the incident radiat ion H(r0): 

k R* 

H(n,) .f + i" * * = ( r )  ~F~~ (2) 
.v=-O r ~==0 

in (2) * * d F r _  x and d F r 0 _ r ,  a r e  e l e m e n t a r y  angula r  coefficients  of the a r e a  with the coordinate  r 0 with r e -  
0 

spec t  to the annular  e lements  with the coordinate  x (surface  2) and r *  (surface  3). We shal l  de r ive  the 
fo rmulas  de te rmin ing  the dF*  la te r .  

fo rm 

Substituting (2) into (1) we obtain 

L /-,~ ~ 

�9 = . - -  B ~ ' * ] B(ro) e,~T'(ro)-/(1 ~) r  .f (x)dF,.~_~.l..t" B(r*)dFr,_,.:. (3) 

The analogous equations for  the a r e a s  with the coordinates  x 0 (surface 2) and r~  (surface 3) have the 

R L R* 

B(x o) : ~dsT~(x.)of-(1--s~)[ S B(r)d F;.-r~!- .t" B(x)dF;o_~ q- .1" B(r*)dF;o_,.@ 

R L 

(4) 

(5) 
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Fig .  1. S c h e m a t i c  r e p r e s e n t a t i o n  of 
the  c a v i t i e s  i n v e s t i g a t e d  (b) and the  co -  
o r d i n a t e  s y s t e m  used  (a). 

In (10)-(14) 

Equa t ions  (3)-(5) r e p r e s e n t  the  d e s i r e d  s y s t e m  of i n t e -  
g r a l  equa t ions  in the  unknown func t ions  B. 

We t a k e  d F ~  - r *  as  the  e x a m p l e  fo r  d e r i v a t i o n  of the  
0 

f o r m u l a s  fo r  the  a n g u l a r  c o e f f i c i e n t s .  F i g u r e  1 shows  an  
a n n u l a r  e l e m e n t  and  a r e a s  on s u r f a c e s  3 and 1 r e s p e c t i v e l y .  
We a s s u m e  tha t  the  t e m p e r a t u r e  T ( r * )  is  c o n s t a n t  wi th in  the  
l i m i t s  of an  a n n u l a r  e l e m e n t .  By de f in i t i on  the  a n g u l a r  co-  
e f f i c i en t  of the  a r e a  dA 1 = r0dq~dr 0 wi th  r e s p e c t  to the  a r e a  
dA 2 = r*dqodr* is  d e t e r m i n e d  by the  f o r m u l a  [2] 

COS ~1 COS ~}2 d A ~ .  (6) dFdA ~--dA a -- ~ S 2 

Summing  a l l  a r e a s  l y ing  wi th in  the  a n n u l a r  e l e m e n t ,  we ob-  
t a i n  

( cos ~ cos ~o 
dFdA,-aAo = 2 .~ aS 2 ~-- d A  2. 

0 

(7) 

Evaluating the integral on the right side of (7) we finally get 

the formula 

2L~'r * (L 2 ~, ro '-- r .2) dr* (8) 
dS;o_~.  = [(L2 -]- rg -:- r*~)~ - -  4r*~rgj3'r 

dF~o_.,~ = 

d/:.{o_, : 

In l ike  m a n n e r  we d e r i v e  f o r m u l a s  fo r  t h e  o t h e r  a n g u l a r  co -  
e f f i c i en t  o c c u r r i n g  in t he  s y s t e m  (3)-(5); t hey  have  the  f o r m  

dF* * 2L~'r (Lz '-- r2 @ r~ dr  (9) 
,.o--~ - [ ( u - .  ~ ,-7) ~ -  4E~q ~- ' '  

2R.t (L  - -  x) { [ (L  - -  x f i  R~ -!- r~] R - -  2r(~R,} dx  (10) 

{ [ ( L  - -  x )  ~ - - R ~ - ~ -  dP- - -  4ro~? .~  ' 

2r (L - -  x0) cos ~ {[(L - -  x o ) " -  R~_ -;- r~'J R - -  2/2R,_} dr  (11)  

{[(L - - x 0 ) ~ :  R~ -:- r~p--4,.~R~? '2 

2 R , x  [R*  (x 2 R~- ' -  r~ ~) --- 2Rd'o~l  d.r dF* . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .  , 
') ~2 2 3 2 ,o-.,: [(x ~- R T : - r j )  ~ -  4to R j ' 

d_F~'.o ~ 2x,,r* cos ~ IR*  (x~ -- R~ -'- r *~) - -  2 R 2 r * q  dr* 

dF:-o_ ...... 2R2 1 _ i-r,, - x  I l - ~ -  -J dx.  
�9 " cos~: I ( '~  , - - ' )_9: .  _ 4 R , R  I s''c 

(i2) 

(13) 

(14) 

R ~ = R  i ( L - - : 0 t g ~ ;  R , = R  (L - -  x.) tg a, (15) 

t he  r e m a i n i n g  no ta t ion  wi l l  be c l e a r  f r o m  F ig .  l a .  

S y s t e m  (3)- (5) is  qu i te  g e n e r a l  and m a y  be used  to  c a l c u l a t e  the  r a d i a t i o n  h e a t  t r a n s f e r  in a x i s y m -  
m e t r i c  c a v i t i e s  hav ing  s h a p e s  o t h e r  than  tha t  shown in F ig .  l a  by l e t t i ng  ei = 1, Ti  = 0 (i = 1, 2, 3 is  the  
n u m b e r  of the  s u r f a c e ) .  C a l c u l a t i o n s  can  be c a r r i e d  out fo r  c a v i t i e s  hav ing  the  s h a p e s  i n d i c a t e d  in F ig .  
l b .  To m a k e  the so lu t i ons  of (3)-(5) u n i v e r s a l  we r e f e r  a l l  l i n e a r  d i m e n s i o n s  o c c u r r i n g  in the  above  f o r -  
m u l a s  to  the  r a d i u s  R of the  end s u r f a c e  1 (we s h a l l  not  u s e  the  new d e s i g n a t i o n s  in the  ensu ing  d i s c u s s i o n )  
and i n t r o d u c e  c e r t a i n  func t ions  

B 
e~ - -  , (16) 

o r ,  ~ (o) 

which for an isothermal cavity (T i = const) represent  the local apparent emissivity of the cavity walls [1]. 
We further assume that the temperatures T i (r) = T~ = const, T 3(r*) = T 3 = eonst, and that the temperature 
of surface 2 varies linearly. 
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F i g .  2 .  A p p a r e n t  e m i s s i v i t y  (L = 1.0,  e : 0.7):  a) 

c l o s e d  c a v i t y  (a = 45 ~ d a s h e d  c u r v e ;  a = 0 ~ s o l i d  

c u r v e ) ;  b) c a v i t i e s  o p e n  a t  one  end (~ = 45 ~ d a s h e d  

and  d o t - d a s h e d  c u r v e s ;  ~ = 0 ~ s o l i d  c u r v e ) ;  c) c a v i -  

t i e s  o p e n  a t  bo th  e n d s ,  and  two  d i s k s  (~ = 45 ~ d a s h e d  

c u r v e ;  ~ = 0 ~ s o l i d  c u r v e ) .  

L e t  T 3 = kT1; t h e n  

T~. (x) = Tx [(1 - -  k) x -'- k] = T,[ (k, x). (17) 

In a d d i t i o n ,  e 1 = ~2 = e3 = e ( e x c e p t  f o r  t h e  c a s e s  c o n s i d e r e d  in  F i g .  l b ) .  

S y s t e m  (3)-(5)  t h e n  b e c o m e s  

L R* 

E a ( t o )  = E •  (1 - -  e) [.1% (x) dF*~,_.,: + .,t" % (r*) dF*~o_f,. (3') 
0 o 

I L 

% (Xo) = e[ 4 (k, x) - -  (1 - -  e)[.[ % (r) dF;o_~ q- .f e~ (x) dF;o_x- 
o o 

R* 

i: ] (4,1 __. % (r*) dF;o_,* , 
o 

1 L 

%(ro) : ek ~ ( 1 - - e )  [.t'%(r)dF*~o_r + .1 ea(X)dF*,.o_x]" (5') 
o o 

W e  s o l v e  ( 3 ' ) - ( 8 ' )  n u m e r i c a l l y  by  t h e  i t e r a t i o n  m e t h o d .  T o  do  t h i s  we  d i v i d e  t h e  s e g m e n t s  [0, 1], [0, L],  
and  [0, I I * ]  in to  50 e q u a l  p a r t s .  T h e  d i s t a n c e s  b e t w e e n  n o d e  p o i n t s  a r e  h r = 0.02,  h x = 0.02 L and  h r .  
= 0.021R*,  r e s p e c t i v e l y .  E a c h  i n t e g r a l  o c c u r r i n g  in ( 3 ' ) - ( 5 ' )  i s  r e p l a c e d  by  t h e  s u m  of 25 i n t e g r a l s  t h a t  
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can be evaluated between 0 and 2hr, 2hr and 4h r, etc. Equation (3') is then writ ten as 

25 2nh :,: 2t~hr* 

~ : i  (2u--2)h x (2n~--2)hr. 

Equations (4') and (5') a r e  of s imi la r  form (we call them (4") and (5")). On each segment  of integration Sa 
the unknown functions [(2n-- 2)h, 2nh] are  approximated by a polynomial of degree two; the re fe rence  points 
for this approximation are  the values of the functions Ea at the node points (2n-- 2)h, (2n-- 1)h, and 2nh. 

2 nh 

Each integral  .1" e~ dF* is evaluated by Simpson's  rule with automatic choice of step. 
(2n--2) h 

The i terations a re  organized as follows: the functions ea(X) = ef4(k, x), ~a(r*)  = ek 4 are  used as the 
zeroth apl~roximation and (3") is calculated, which yields ela(r). We next use this function to calculate (5") 
(the function sin(r*)). In the last step the calculated functions e~a(r) and ala(r *) a re  used to solve (4"). 
The computational p rocedure  then repeats .  The process  te rmina tes  when the condition 

i < 0,005, (A) 

is satisfied, where j is the number of the i teration. 

The s ingular i t ies  at the corner  points x = 0, r *  = R*,  and x = L, r = 1 a re  bypassed in the following 
manner :  for (3"), for  example, on each i terat ion calculations a r e  car r ied  out at the nodes O, hr,  2 h r , . . .  
( n -  1)h r, and at the node point nhr --- 1 the value of the function ea (1) is found by extrapolation; a poly- 
nomial of second degree is used which is constructed f rom the re fe rence  points at the nodes (n-- 3)h r, 
(n-- 2)hr, and (n-- 1)h r. An analogous procedure  was used to solve (4") and (5"). It took 3-11 i terations 
to solve the problem. 

Calculations were  ca r r i ed  out for the range of cavities sho~xra in Fig. lb .  We took k = 0.5; t .0;  1.5 
(see (17)), a = 0 . 7 ,  a = 0  ~ and45  ~ L = 1 . 0 .  

Analyzing the resul ts  shown in Fig. 2(a,b, c), we conclude the follbwing: for closed cavities (see 
Fig. 2a) with an i sothermal  wall (Ti = const) the resul t  is t r ivial :  the emissivi ty  is aa = 1 for any point of 
the cavity. For  k ~ 1 the t empera tu re  distr ibution along the cavity axis begins to play an important  role;  
the geomet r i c  factor  (cavity f lare  angles of ~ = 0 ~ and 45 ~ does not have much influence and leads to a 
maximum difference of 30%. 

Figure 2b shows the calculated resul ts  for cavities open at one end. The solid and dashed lines rep-  
resent  data for a cavity with the open end to the right (a = 0 ~ and 45 ~ respectively);  the dash-dotted lines 
r epresen t  data for a cavity open to the left (a = 45~ The a = 0 ~ case (isothermal cavity) served as the 
model problem and was compared with the resul ts  of [1]. The resul ts  are  in full agreement .  

Here, as before, the decisive role was played by the temperature distribution; a geometric factor 

such as the cavity flare angle had far less influence. 

The results calculated for a cavity open at both ends (a = 0 ~ and 45 ~ are plotted at the center of Fig. 

2c; the sides of the figure show data for heat transfer between two disks. 

The data of Fig. 2a, b, c are universal in nature and permit rapid estimation of radiation heat trans- 
fer (with the aid of (i), (16)). 

T 
cf 

5 

r, r*, 
B 
H 
dF* 

S 

x, 

NOTATION 

is the temperature; 
is the Stefan--Boitzmann constant; 
is the emissivity; 
are the running coordinates; 
is the effective radiation flux; 
is the incident radiation heat flux; 
is the elementary angular coefficient; 
is the angle determining the orientation of the normal to the elementary area; 
is the distance between elementary areas; 
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dA 
R, L, R* ,  

k 
f(k, x) 

h 

is the value of an e l emen ta ry  a rea ;  
a r e  p a r a m e t e r s  de te rmin ing  the shape of the cavity;  
is the apparen t  emiss iv i ty ;  
is the ra t io  between cavity end-su r face  t e m p e r a t u r e s ;  
is the function de termining  the t e m p e r a t u r e  dis t r ibut ion along the la te ra l  su r face  of the 
cavity;  
is the d is tance  between node points in the numer i ca l  solution of the s y s t e m  of in tegral  
equations; 
is the su r f ace  number ;  
is the i te ra t ion  number .  

1. 

2. 
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